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Abstract 

Mach’s principle applied to rotation can be correct if one takes 
into account the rotation of the quantum vacuum together with the 
Universe. Whether one can detect the rotation of the vacuum or not 
depends on its properties. If the vacuum is fully relativistic at all 
scales, Mach’s principle should work and one cannot distinguish the 
rotation: in the rotating Universe-|-vacuum, the co-rotating bucket 
will have a flat surface (not concave). However, if there are “quantum 
gravity” effects which violate Lorentz invariance at high energy, then 
the rotation will become observable. This is demonstrated by analogy 
in condensed-matter systems, which consist of two subsystems: su¬ 
perfluid background (analog of vacuum) and “relativistic” excitations 
(analog of matter). For the low-energy (long-wavelength) observer the 
rotation of the vacuum is not observable. In the rotating frame, the 
“relativistic” quasiparticles feel the background as a Minkowski vac¬ 
uum, i.e. they do not feel the rotation. Mach’s idea of the relativity of 
rotational motion does indeed work for them. But rotation becomes 
observable by high-energy observers, who can see the quantum gravity 
effects. 
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1 Introduction 


Mach’s principle is one of the iconic principles underlying General 
Relativity (GR). The name “Mach’s principle” was coined by Ein¬ 
stein for the general inspiration that he found in Mach’s works on 
mechanics [ij, even though the principle itself was never formulated 
succinctly by Mach himself. In Einstein’s words [3] (see also p.67 
and 186): “Mach’s principle: the G[ravitational] field is completely 
determined by the masses of the bodies. Since mass and energy are 
identical ... and formally described by the symmetric energy tensor 
this therefore entails that the G-field be conditioned and deter¬ 
mined by the energy tensor.” In a footnote he adds: “I have chosen 
the name ’Mach’s principle’ because this principle has the significance 
of a generalization of Mach’s requirement that inertia should be de¬ 
rived from an interaction of bodies.” However, it is unlikely that Mach 
would have agreed with Einstein’s definition [^. Also, Einstein him¬ 
self repudiated Mach’s principle later in his life after givin g u p his 
attempts to formulate GR in a fully Machian sense (see e.g. [31] p.80, 
186). 

In very general terms, Mach’s principle states that the matter dis¬ 
tribution of the universe determines its geometry, and that inertial 
forces are a consequence of this distribution. General relativity seems 
to conform to this statement, at least in spirit. However, when trans¬ 
lating it into concrete requirements, these are often violated W general 
relativity, or at least some of its solutions. For example, lists 10 
possible formulations of Mach’s principle (“Machl-MachlO”) based 
on the experimental observation (MachO) that “the universe, as rep¬ 
resented by the average motion of distant galaxies does not appear to 
rotate relative to local inertial frames.” None of Machl-10 is unam¬ 
biguously satisfied by GR. As another example, the book [1] contains 
an index of all the possible formulations of Mach’s principle grouped 
into no less than 21 categories, and is largely devoted to discussing 
their meaniM status and relevance. And the controversy still goes 
on, see e.g. and Other useful references for the historical 

origin of Mach’s principle and its relevance for modern-day physics in¬ 
clude ll| and 1^, while a (non-exhaustive) sample of recent articles 

with several more re¬ 


inspired by Mach’s principle includes 
lated to Shape Dynamics (a “relational 
inspired by Mach’s principle, see e.g 


stive) sa 


reformulation of GR loosely 
and references therein). 
Some brief examples might serve to illustrate the delicacy of the 
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question. In Einstein’s understanding, an isolated object in an other¬ 
wise empty universe should not possess any inertial properties. But 
this is clearly violated by the Minkowski solution. A cosmological con¬ 
stant would also violate Mach’s principle, at least in the strict sense 
in which the geometry should be determined completely by the mass 
distribution. Perhaps this can be solved by taking the vacuum energy 
into account. But the question becomes really delicate when looking at 
rotating reference frames. These have from the start been at the heart 
of the debate between absolute and relative motion, as embodied by 
Newton’s bucket argument and Mach’s criticism of it, and formed one 
of the main motivations for Einstein to generalize the special theory 
of relativity. However, GR is probably not fully satisfactory in this re¬ 
spect. Because of the relativity of motion, one could expect a rotation 
of a local observer w.r.t. the rest of the universe to be equivalent to 
an overall rotation of the universe about the observer. But this idea 
leads to several difficulties within standard GR (and in fact formed an 
important source of inspiration for Brans-Dicke theory 2l|). Also, in 
the absence of an absolute frame of reference, a global state of motion 
of the universe—and in particular, a global rotation—should be un¬ 
detectable (perhaps even meaningless). At first glance, this seems to 
be violated by the Godel solution of GR, which describes a universe 
with a uniform non-zero rotation in the whole spacetime 22 ]. 

All in all, in spite of Barbour’s insistence that GR is “a perfectly 
Machian theory”, or at least “as Machian as one could reasonably 
hope to make any theory” [[^ p.214], it is probably safe to say that GR 
does not deal with the relativity of rotation in a fully satisfactory way. 
Perhaps Mach’s principle needs to be (partially) given up, or on the 
contrary GR needs to be partially modified or at least reformulated, 
or certain restrictions should be imposed on physically acceptable GR 
solutions, such as in Wheeler’s initial-value approach, or Sciama’s and 
Brans-Dicke theory. Another possibility is that Mach’s principle will 
become fully clear only at the level of a quantum theory of gravity . 

In this work, we do not pretend to tackle Mach’s principle in all 
its aspects, but restrict ourselves to the question whether it makes 
sense to speak of an overall rotational motion of the universe, and 
whether a local observer would be able to detect such a hypothetical 
overall rotational motion. We will argue that if matter and gravitation 
as we experience them emerge in the low-energy limit from a quan¬ 
tum vacuum, in a sense intimately related to what occurs in certain 
condensed-matter systems, then Mach’s principle with respect to ro- 
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tation (in the sense of the undetectability of an overall rotation of the 
universe) is correct. Two key points that we will stress are, first: that 
one needs to take the vacuum, and in particular the rotation of the 
vacuum, into account; and second: that the detectability of rotation 
depends on the observer, whether he is a low-energy (internal) or a 
high-energy observer. 

The structure of this work is as follows. In Sec. [2] the effective 
metrics emerging in moving superfluids (fluid metric) are discussed, 
where Mach’s principle for rotation is valid for long-wavelength ob¬ 
servers (internal observers). For high-energy observers with access to 
quantum gravity effects, however, the rotation of the vacuum becomes 
detectable, as discussed in Sec. El In Sec. |4] the two-fluid model of 
the relativistic quantum vacuum is considered, in which the global ro¬ 
tation is not observable. We draw some general conclusions in Sec. El 


2 Fluid metric and analogue Mach prin¬ 
ciple 


We start from the simplest example of the fluid metric: 

ds‘^ =—dt'^ + \(dr — vir) dt)‘^ . (1) 

This metric is valid for long-wavelength excitations with linear spec¬ 
trum E = cp propagating in a background medium (the analog of the 
quantum vacuum). If the background (vacuum) is moving with ve¬ 
locity v(= Vvacuum); the spectrum of excitations is Doppler shifted, 
E = cp + p ■ V. This leads to the following contravariant metric: 

0 = (E - p ■ v)2 - cV = , (2) 


which corresponds to the interval ([T]). 

“Relativistic” excitations can for example be sound waves (phonons) 
in a moving fluid or superfluid (c then represents the speed of sound, 
c = CsnnnH , and the corresponding metric is called the acoustic met¬ 


ric 


23 I-I 25 I]: or surface waves (ripplons) on a moving liquid or at the 


interface between two liquids, which in the shallow-depth limit have 
linear spectrum 

The fluid metric for black hole at the end of the gravitational 
collapse is the Painleve-Gullstrand metric 31|, which corresponds to 
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the radial flow field in the form: 


v(r) = v{r)r , v{r) = —c 


rn 



(3) 


where rn is the radius of lack hole horizon. The de Sitter spacetime 
is also characterized by the radial velocity field 


v(r) = v{r)r , v{r) = c- 


rn 


(4) 


where rn is the radius of cosmological horizon. We are interested in 
the fluid metric with v(r) = f2 x r. 

Up to this point, the key motivation to think of superfluids is 
that, for a meaningful discussion of the observability of a rotating 
state of the background or vacuum, it is necessary to imagine the 
construction of measurement devices. It is therefore not sufficient to 
have sound (or surface/interface) waves: one needs stable fermionic 
(quasi)particles [s^. “Relativistic” fermionic quasiparticles appear 


in the topological Weyl superfluids 33|], in graphene 3^, and in 
Weyl and Dirac semimetals [^, where in the vicinity of the Weyl 
or Dirac point the spectrum becomes linear, and these quasiparticles 
even mimic many properties of the particles of the standard model 
[ 3 ^ (see also (j^l. The quasiparticles in the Weyl superfluid ^He-A 
have an anisotropic linear spectrum, and Eq.([T]) is generalized to 


ds^ = —dt^ + gij{dx^ — u®(r) dt){dx^ — u-^(r) dt) 


(5) 


where 

5 ,. = lr[i + i-(5b_ni) . ( 6 ) 

cj ci 

Here, cy and c_l are the propagation speeds of the massless Weyl quasi¬ 
particles (the “speeds of light”) in the direction parallel or perpendicu¬ 
lar to the anisotropy axis 1 (the orientation of the Cooper pairs angular 
momentum). 

When the background (vacuum) is rotating with a velocity v = 
n X r, the line element in Eq.([T|) becomes (in cylindrical coordinates) 


ds^ 




(— d(t)dt + dr^ -|- r'^dcp'^ + dz^). 


(7) 
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For ^He-A, the anisotropic metric (l5|), with v = x r and z = = 1 

gives 



( 8 ) 


The speed of light anisotropy can be absorbed by a coordinate 
rescaling (from the laboratory point of view, c± -C cy in ^He-A), and 
in any case we are interested in what happens in the plane of rotation. 
So we can forget the z-coordinate and focus on Eq. 0, as long as 
we remember to interpret c correctly. In particular, one should bear 
in mind that the acoustic waves are associated to excitations of the 
constituent atoms (and hence of the quasiparticle vacuum), not of the 
quasiparticles themselves. So from the point of view of the effective 
gravity of the quasiparticles, the speed of sound is an inaccessible, 
ultra-high-energy phenomenon. And indeed, in ^He-A, the speed of 
sound Csound is decoupled from the quasiparticle “speed of light” c_l, 
with Csound > C_L. 

Coming back to the rotating metric Eq. m, the coordinate trans¬ 
formation 


(9) 

( 10 ) 

( 11 ) 


r = r 


z = z 


(j)' = 4> — 


reduces this to the standard Minkowski line element (in cylindrical 
coordinates) 


= —dt‘^ + \{dr'^ + dcfP' + dz^). 


( 12 ) 


In other words, the excitations themselves (the sound or surface 
waves, or the fermionic quasiparticles of the Weyl system), who are 
coupled to the rotating background, experience a Minkowski space- 
time. They do not “see” the rotation of the background fluid but 
propagate in straight trajectories (in the rotating frame). One could 
say that the quasiparticles obey an “analogue Mach principle”, since 
they are insensitive to the overall rotation of the background, i.e. of 
the vacuum of their effective universe. 
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This simple reasoning also hints that in an emergent scenario, in 
which matter together with spacetime arise as excitations of an un¬ 
derlying “ether”-like vacuum, Mach’s principle could be realised in 
a natural way. There are several caveats to this argument though, 
which may lead to observability of the vacuum rotation by quasiparti¬ 
cles (in other words, by an internal observer, who uses quasiparticles 
for measurement). 


3 Caveats 


Dispersion and dissipation: First, the metric description for sound, 
surface waves and quasiparticle excitations is valid only in the long- 
wavelength limit. For shorter wavelengths, the spectrum of excita¬ 
tions becomes nonlinear, the emergent Lorentz invariance is violated 
and the absolute reference frame associated to the vacuum becomes 
observable. E.g., the phononic dispersion relation in a Bose-Einstein 
condensate can be written in the Bogoliubov form 

^2 ^ ^ 2^2 ^ 1 ^ 2 ^ 2^4 ( 13 ) 


in terms of the co-moving frequency and wavenumber to and k, the 
(long-wavelength) co-moving speed of sound c, and the healing length 
of the condensate ^ = h/{mc) (with m the mass of the constituent 
bosons). The equivalent expression in the laboratory frame is ob¬ 
tained through the Doppler shift cu(k) = uJo{k) -|- v • k. An essentially 
identical expression is often used as a simple prototype for possible 


high-frequency Lorentz violations of our universe, see e.g. 37|. In an 


arbitrary, non-concordant reference frame, however, the transforma¬ 
tion of the expression (I13p becomes more complicated and the Lorentz- 
violating coefficients become observer-dependent (see e.g. [^L 

Dissipation in the nonlinear regime may also occur, which also 
introduces an absolute reference frame, leading to dispersion such as 


(a; — V • k)^ = c^k'^ — iToo, (14) 

with F the friction parameter . The cu-dependence of the dissipa¬ 
tive term (without any Doppler factor) illustrates the influence of the 
absolute (laboratory) reference frame. 

The complication due to dispersion and dissipation comes as no 
surprise, since it is likely that our spacetime itself is a long-wavelength 
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concept which breaks down at shorter wavelengths. Fortunately, our 
vacuum is Lorentz invariant with great accuracy: the absence of Cerenkov 
radiation in the vacuum, as well as the non-detection of any other 
Lorentz-violating effect in the matter or in the gravity sector so far , 
show that the lower limit of the energy scale at which the violation of 
Lorentz symmetry may occur (the “quantum gravity” scale) is essen¬ 
tially above the Planck energy scale, Eq^ » Fipianck- 

Meniscus: As a second caveat, in the above we have assumed that 
the background itself is not affected by the rotating motion. In reality, 
there are several different channels in which the vacuum is affected by 
rotation and which may allow us to detect the global rotation of the 
vacuum. 

In liquids, rotation causes centrifugal effects, which lead to the 
creation of a meniscus. This lies at the essence of Newton’s bucket 
argument. In liquids, this allows internal observer to detect the rota¬ 
tion of the vacuum. The inhomogeneity of fluid density, which varies 
with distance from the origin of the rotation, makes the effective met¬ 
ric inhomogeneous. Indeed, the rotational state of motion will lead, 
according to Bernoulli’s law, to pressure variations 6p ~ pv{r)‘^, and 
since = dp/dp, to radius-dependent variations in the density 

6p v{r)'^ 

^ ~2 

P Cg^ound 

or, in terms of the speed of sound (assuming c = c{p) and hence 

& = Pf): 

<5Csound V 

-= a — ~ “2 - 

Csound P CgQ^j^j 

since a = is a material parameter typically of order unity. 

This will be detected by the internal observer as an inhomogeneity 
in the gravitational field, although it becomes undetectable in the 
limit Csound oo (i.e., for incompressible fluids). In other words, the 
centrifugal effect is important for the acoustic metric, but not for the 
quasiparticle metric, since the “speed of light” c_l is much smaller 
than Csound) as remarked above in Sec. [2j However, one should again 
bear in mind that Csound is associated to excitations of the constituent 
atoms (and hence of the quasiparticle vacuum). So, applying the 
previous observations to the quantum vacuum, we may conclude that 
any centrifugal effect of vacuum rotation would be associated to a finite 


(15) 
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compressibility of the quantum vacuum, which is again a “quantum 
gravity” effect, non-accessible to low-energy observers. 

The condition c ^ Csound allows us to reach velocities of the back¬ 
ground which exceed the effective speed of light. With respect to 
rotation this means the metric d?]) is physical even beyond the ergo- 
surface at = c/n, where the linear velocity v^{r) exceeds the speed 
of light. This does not violate Lorentz invariance, which requires that 
the velocity of matter (quasiparticles) with respect to the vacuum can¬ 
not exceed the speed of light, |vmatter — VvacuumI < c, while there is 
no constraint on the velocity of the vacuum itself. In a similar way 
the radial coordinate velocity in an expanding Universe exceeds the 
speed of light beyond the cosmological horizon, see Eq.([4]) for Sitter 
Universe. 

Vortices: In superfluids, another effect of rotation on the structure 
of the vacuum, which leads to a third possible caveat, becomes man¬ 
ifest. The superfluid may experience the solid-body rotation only on 
average, because of the quantization of vorticity of the superfluid ve¬ 
locity, dr-v = N K, where k is the circulation quantum, and N is the 
number of quanta (number of quantized vortices) within the contour 
C. The equilibrium rotational state of the superfluid with (v) = x r 
contains quantized vortex lines with areal density n = N/A = 2VL/n. 
If in the quantum vacuum the parameter k 7 ^ 0, the rotating state 
of such vacuum represents a vortex crystal with intervortex distance 
I ~ This is different from the superfluid model discussed in 

Refs. 4nl442l|. where the system of quantized vortices produces the 


Godel metric instead of rigidly rotating vacuum. 

The distance I between the vortices provides another length scale 
of “quantum gravity”, which depends on the rotation velocity of the 
vacuum, and could be detected as an inhomogeneity of the vacuum by 
observers with access to such quantum gravity scales. For example, k 
can be on the order of k ~ hx?/E q^, at which Lorentz invariance is 
violated in the static vacuum (for our present almost Lorentz invariant 
vacuum /cr ^ ^pianck)- Then the second scale is I = (Zcr^^n)^^^- 

Discussion: These caveats impose some constraints on the realiza¬ 
tion of Mach’s principle in emergent physics, in which matter together 
with spacetime arise as excitations of an underlying “ether”-like vac¬ 
uum. The observability of the global rotation depends on quantum 
gravity effects, i.e. on the microscopic structure of the quantum vac¬ 
uum. That is why it is possible that for those observers who use 
long-wavelength quasiparticles for their measurements, the global ro- 
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tation is not detectable, while it becomes detectable at higher energies. 
If, however, the considered “quantum gravity” effects are absent, then 
the Mach principle for rotation becomes valid. For that, the quantum 
vacuum must be Lorentz invariant for all scales without any restriction 
on circulation. 

Even if the global rotational state becomes undetectable in the ab¬ 
sence of quantum gravity effects, this does not mean that the question 
of the overall motion of the system is ill-defined: the vacuum has a 
definite state of motion, but the quasiparticles are unable to detect it. 
In fact, in a laboratory superfluid in the zero-temperature limit, the 
vacuum finds its own reference frame, decoupled from the laboratory 
frame 43|. From the laboratory point of view, we can determine this 
reference frame because we have a privileged “external” view of the 
system, whereas the quasiparticles are limited to an internal view, and 
hence are unable to discern the reference frame of the vacuum. 

Next we consider the superfluid model, which incorporates the 
constraints needed for the Mach principle to be valid. 


4 Superfluid model of rotating Uni¬ 
verse 


We assume that the vacuum obeys Galilean physics, while the excita¬ 
tions over the vacuum have a linear spectrum Eq{p) = cp in the frame 
comoving with the vacuum. For massless elementary particles, c is the 
speed of light with respect to the vacuum, for gapless quasiparticles 
- excitations of the liquid - the speed c is the maximum attainable 
velocity with respect to the superfluid component. 

In superfluids, the combined dynamics of ’’vacuum” and ’’matter” 
is incorporated in the Landau-Khalatnikov two-fluid hydrodynamics 


44l |. The energy density of the liquid in an arbitrary frame is 


e = A + 


+ P • Vs 


_ -^00 _ 


E 

p 


f{p)Eo{p). (17) 


Here Vg is the superfluid velocity, which is the analogue of the velocity 
of vacuum; Cm is the energy density of matter in the vacuum comoving 
frame, i.e. in the frame moving with v^; P is the momentum density 
of matter in that frame; /(p) is the distribution function; and A is the 
energy density of the superfluid vacuum, which is (Galilean) frame- 
independent. It is the analog of the cosmological constant: the vacuum 
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has an equation of state Pvac = —Cvac = —A, while for the massless 
relativistic matter one has Pm = l^m- 

Galilean physics is consistent with the observed Lorentz invariance 
of our vacuum only if the total density of the superfluid is p = 0. 
This is because p is the time component of the 4-vector, and so any 
Lorentz transformation with a non-zero p would break the equivalence 
of the reference frames. In the two-fluid model of superfluid liquid this 
means that the densities of the normal and superfluid components of 
the liquid must cancel each other: 

p = Ps + pn = ^. (18) 


In general, the momentum density of the liquid obeys j = pv^ -|- P = 
pv^-l-^p p/(p).[4^ Since p = 0, the vacuum has zero momentum, and 
thus is indeed invariant under transformation to a moving frame (i.e. 
it is invariant under Galilean or Lorentz transformations). The mo¬ 
mentum is then only carried by matter (“relativistic” quasiparticles), 
and can be written 


'P = '^vf{v) = Pn{-Vn-^s) ■ (19) 

p 

The last equation is for thermal equilibrium, where for fermions and 
bosons one has /(p) = [exp((P(p) — p • v„)/r) ± 1]”^, P(p) = cp + 'p ■ v^. 
Here the velocity of the heat bath of matter is introduced, which 
in two-fluid hydrodynamics is called the velocity of the normal com¬ 
ponent of the liquid. 

Combining these observations with the conclusions of the previous 
section, the Lorentz invariant quantum vacuum can be simulated by 
a superfluid under the following conditions, (i) The density of this 
superfluid must be p = 0. As just discussed, this is required to guar¬ 
antee the Lorentz invariance of the vacuum. Also the centrifugal force 
is absent for p = 0. (ii) Vanishing circulation quantum k = 0. In 
this case no periodic vortex states appear under rotation, (iii) Infinite 
speed of sound, Csound = oo (as is the case in ^He-A: Cgound ^ cx). 

Then there is no observable compressibility of the vacuum. 

In this superfluid model in which p^ = — p„ < T the superfluid 
vacuum is unstable towards the growth of |vs — v„|l^ Eventually, at 

^ There are other arguments why a superfluid model cannot fully reproduce our macro¬ 
scopic physics, e.g. related to the hierarchy of scales that would be required to obtain 
Einstein dynamics, see [33,|4^. But, as often, studying how far the model can be taken is 
far more instructive than dismissing it altogether. 
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I Vs — v„| = c, a limiting state would be reached, corresponding to the 
Landau critical velocity. 

In spite of the instability, this superfluid model can be used for 
the discussion of the rotating vacuum, in which both vacuum and 
matter experience the solid-body rotation, Vs = Vyacuum = ^ x r and 

= Vjnatter = X r. In this model all the rotating states have the 
same thermodynamic potential, if the matter is co-rotating with the 
vacuum. The degenerate states corresponding to different values of 
Cl are not distinguishable by the internal observers, since all of them 
observe the Minkowski metric. So the Mach principle does indeed 
work in this model of the vacuum. 

In fact, for a sufficiently large system (behind the cosmological 
horizon), the matter component must necessarily co-rotate with the 
vacuum. Otherwise, for large enough r > c/Cl, one would inevitably 
exceed the Landau critical velocity — v„| = c, at which the vacuum 
becomes unstable due to the spontaneous production of quasiparticles 
and vortices. The development of the instability finally results in the 
states with fiyacuum = ^^matter- Note that in the considered model all 
such states are still unstable towards a linear increase of jv^ — v„| due 
to the negative < 0. 

5 Conclusions 

From an emergent-physics point of view, Mach’s principle with respect 
to rotating reference frames ultimately lies beyond GR. The essential 
question is in which reference frame the quantum vacuum is at rest, 
and whether this can be observed. This is a question for GR plus the 
quantum vacuum, not for GR only. 

When taking the quantum vacuum into account, Mach’s princi¬ 
ple works fine for low-energy observers: these are unable to discern 
between different rotating states of the vacuum. We have illustrated 
this by focusing on the fluid metric in condensed-matter models, with 
particular attention to the acoustic and quasiparticle metrics in su¬ 
perfluids. High-energy observers with access to “quantum gravity” 
effects, however, would still be able to detect the overall rotating state 
of the system. Next, we have examined a superfluid toy-model for the 
universe where these quantum gravity effects are absent. Although 
the model itself is unstable and thus not fully realistic, it is useful 
for the question of rotating reference frames. In particular, it clearly 
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illustrates that, in a sufficiently large universe, the matter component 
must necessarily co-rotate with the vacuum, and that Mach’s principle 
with respect to rotation indeed is again valid. 
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